PHYS 705: Classical Mechanics

Canonical Transformation




Canonical Variables and Hamiltonian Formalism

As we have seen, in the Hamiltonian Formulation of Mechanics,

=~ {;, P, are independent variables in phase space on equal footing

- The Hamilton’s Equation for ¢;, P, are “symmetric” (symplectic, later)

. OH : oH

—> This elegant formal structure of mechanics affords us the freedom in
selecting other (may be better) canonical variables as our phase space
“coordinates” and “momenta”

- As long as the new variables formally satisfy this abstract structure (the

form of the Hamilton’s Equations.



Canonical Transformation

Recall (from hw) that the Euler-Lagrange Equation is invariant for a point

transformation: Q; = 0,(q,?)
i.e., if we have, oL — d ( oL j =0,

dq, dt| 0q,
then, oL d QL _0,
0Q; dt\ 00,

Now, the idea is to find a generalized (canonical) transformation in phase

space (not config. space) such that the Hamilton’s Equations are invariant !

Q,=0,(¢,p,1) (In general, we look for
p_p transformations which
i j(q’p 1) are tnvertible.)



Invariance of EL equation for Point Transformation

First look at the situation in config. space first:

Given: 4 8—L _ oL _ =0, and a point transformation: Q, =Q,(q,)
t\ 0q; ) 0Oq,
- Need to sh 4 8_L _ oL
eed to show: 7 8Q )
Formally, calculate: GL — 6_L% 6_1’% (chain rule)
8Q — 0q, 00, T 0q; 00,
Gydi gl

aql aQ aqz aQ j

From the inverse point transformation equation ¢, =¢q,(Q,?) , we have,

PN ) _Z aqu +%
q; =20, Py

94, =0 and aq," — %,

aQJ aQ J aQ J




Invariance of EL equation for Point Transformation

Forming the LHS of EL equation with ¢ ;v LHS = d 8{4 _ oL
dt\ 00, ) 00,

R S AR A X
dt i aql GQ] i qu GQJ F 6ql 8Q]

oy foLd(ag ), dfoL)oq | oL oy oL o
T 0q, dt\ 00, ) dt\dq, )00, | T 0q, 00, 04, 00,

_Z d| oL |dq |OL 8qi+8Ld dq, | OL 0q;
- |9\ 9q, )00, \0q, )00, dq; dt\ 0Q; ) 0q; 00,




Invariance of EL equation for Point Transformation

(exchange order of diff)
7

A

LHS Z oL\ (oL)|dq, , oL {d q, \_ 0q;
dt aql 8q,. aQ] aqz dt 8Q] aQJ

| \ )

Y
/ :
0 dg, B 0q,

_0 00, dt 00,
(Since that’s what given !) oq. 0q,
00, 80,

LHS =0 m=) dj oL | oL _
dt\ 60, | 00,




Canonical Transformation

Now, back to phase space with q’s & p’s, we need to find the appropriate
(canonical) transformation O, =Q,(q,p,t) and P =P.(q,p,t)
such that there exist a transformed Hamiltonian K (Q, P, )

with which the Hamilton’s Equations are satisfied:

Qj:a_K and pj:_a_K
oP, 00,

(The form of the EOM must be invariant in the new coordinates.)

** It is important to further stated that the transformation considered
must also be problem-independent meaning that (), P) must be canonical

coordinates for all system with the same number of dofs.



Canonical Transformation

To see what this condition might say about our canonical transformation,

we need to go back to the Hamilton’s Principle:

Hamilton’s Principle: The motion of the system in configuration space is

such that the action I has a stationary value for the actual path, .i.e.,

ol = 5]%Ldt =0

Now, we need to extend this to the 2n-dimensional phase space

1. The integrant in the action integral must now be a function of the
independent conjugate variable ¢, p; and their derivativesq;, p,

2. We will consider variations in all 2n phase space coordinates



Hamilton’s Principle in Phase Space

1. To rewrite the integrant in terms of 4> 2,-4;> P, , we will utilize the

definition for the Hamiltonian (or the inverse Legendre Transform):

H=pqg,-L — L=p,q,—H(q,p,t) (Einstein’s sum rule)

Substituting this into our variation equation, we have
5] 5]
51=38|Ldt=5(] p,g,—H(q,p.t)]dt =0
4 4

2. The variations are now for ng;'sand np;'s : (all ¢’s and p’s are independent)

The rewritten integrant 1'(q,q, p) = p,;q, — H(q, p,t) is formally a
function of ¢;,p,,4;, P, but in fact it does not depend on 7, i.e. 8F/8pj =0
This fact will proved to be useful later on.

—>again, we will required the variations for the ¢, to be zero at ends



Hamilton’s Principle in Phase Space

Affecting the variations on all 2n variablesg,, p,; , we have,

P, :p0j+a:uj




Hamilton’s Principle in Phase Space

~ Previously, we have required the variations for the g, to be zero at end pts

61“ oq ;
e 8q] 805

So, the first sum with ¢, 's can be written as:

@q
80(

I

oq . 0q .
JZ(a—Fida— 1, d(ar]dajdt
7\ 0q; Oa Oa dt\ 0q,

h

2

0q .
:JZ{ o _d (GF H5qjdt where 0¢, - 4
7| Ogq, dt| oq, oa




Hamilton’s Principle in Phase Space

Now, perform the same integration by parts to the corresponding term for o p; 's

we have, a_r%dtzﬁ_r%tz_ ﬁpj d | or dt
dp; Oa op; Oa t Oa dt | Op,

or 8p,

805

variations for P; to be zero at end pomts.

- Note, since 8F/ op; =0, = (0 without enforcing the

This gives the result for the 2" sum in the variation equation ford p ;s

2

op .
JZ{ oa_d (81“ H&)jdt where O p :&da
7| Op, dt\ op, o

h




Hamilton’s Principle in Phase Space

Putting both terms back together, we have:

b

I = > o _44 9 5q,+ ) o _d4p 9 Sp,rdt=0
o 7| 0q, dt\ dq, 7| Op, dt\ op,
’1 ® ®

Since both variations are independent, @ and @ must vanish independently !

@D = d] o _a_rzo g F(q,c},p)=qu',-—H(q,p,t)\
dt\ 0q, ) 0q,
oI’ ol oH
e A
- _8_H . NG %
Pi aq = b = _8_H (one of the Hamilton’s
J

6qj equations)



Hamilton’s Principle in Phase Space

gda: Z GF_d 6}“ 5qj+Z GF_d 8.1“ op; pdt=0
ox 7| 0q, dt\ dq, 7| Op, dt\ op,

' @ @
@ = d] o _a_rzo g F(q,c},p)=qu',-—H(q,p,t)\
dt\ dp; ) Op,
or’ of . OH
=>—=0 and —=¢,——
p; op, ap;
oH b o
0=14,=7-|79 OH
op ; = G, =—r (2nd Hamilton’s
J

B ﬁpj equations)



—_— e
Hamilton’s Principle in Phase Space

So, we have just shown that applying the Hamilton’s Principle in Phase

Space, the resulting dynamical equation is the Hamilton’s Equations.

— b _ _OH
J aqj
. OH



B

Hamilton’s Principle in Phase Space

Notice that a full time derivative of an arbitrary function Fof (¢, p,?) can
be put into the integrand of the action integral without affecting the

variations: t

: dF
J[ijj _H(Q9pat)+z:|dt

A rdF
:;‘:[quj —H(q,p,t)]dt+J‘Edt

Thus, when variation is taken, this constant term will not contribute !



Canonical Transformation
Now , we come back to the question: When is a transformation to O, P
canonical?
- We need Hamilton’s Equations to hold in both systems

This means that we need to have the following variational conditions:
5[[pd,~H(g.p.H)]dt=0 AND & [[PO,-K(Q.P.t)|dt=0

- For this to be true simultaneously, the integrands must equal

- And, from our previous slide, this is also true if they are differed by

a full time derivative of a function of any of the phase space variables

involved + time:

. : dF
:> quj'_H(qapat):})ij_K(Qapat)_kz(q’paQaP:t)



Canonical Transformation
dF

E(q,p,Q, P,t) (*) (G9.11)

p,q,—H(q,p,t)=PQ, —K(Q,P,t)+

Fis called the Generating Function for the canonical

Q,=0,(q,p,1)
(qj'apj)_)(Qj’Pj): {Pj :Pj(q,p,l‘)

transformation:

- As the name implies, different choice of F give us the ability to

generate different Canonical Transformation to get to different ( QJ. P, )

- Fis useful in specifying the exact form of the transformation if it
contains half of the old variables and half of the new variables. It,

then, acts as a bridge between the two sets of canonical variables.



Canonical Transformation
dF

E(q,p,Q, P,t) (*) (G9.11)

p,q,—H(q,p,t)=PQ, —K(Q,P,t)+

Fis called the Generating Function for the canonical

Q,=0,(q,p,1)
(qj'apj)_)(Qj’Pj): {PJ :Pj(q,p,l‘)

transformation:

- Depending on the form of the generating functions (which pair of
canonical variables being considered as the independent variables for

the Generating Function), we can classify canonical transformations

into four basic types.



Canonical Transformation: 4 Types
dF

P4, ~H(q, p.0) = FO; = K(Q, P,1)+—~(old, new,1)

Type 1: oF;
P P; = aF (QQ ) P]:_api (%Q,l‘)K H+—

F =F(q,0,?) oq; 00, ot

T :

F=F(q,P,t)-QF d 8%_ f ot
Type 3: OF, OF, 3
= p,Q’ = . K:H+—

F=F(p.0,)+qp op, ( )F ) (p.0:1) ot
Type 4: OF, or,
F=E(p,P,f)+qipi—QiE q1 apj (p9 > ) QJ 8})} (p ) at




Canonical Transformation: Type 1

(old) (new)
Type1: F =F/(q,0,t) | Fisafunctionof g and Q + time

Writing out the full time derivative for F, Eq (1) becomes:

s \
oF, n oF, . OF, (again E’s

ot 0q, 9% 00, '  sumrule)

P4, ~H=P0O-K+

Or, we can write the equation in differential form:

J

(write out ¢, = th, and Qj _ y
{

OF, OF, OF,
=) ———Lldg. —| P+—L|dO. +| K—-H—-——L|dt=0
(p, 86]1.) K ( : GQ].] = ( atj

and multiply the equation by 4t )




Canonical Transformation: Type 1

Since all the g, @) . are independent, their coefficients must vanish

independently. This gives the following set of equations:

oF,
aq

b g.00) (€2 K- H+% (C3)

Lon @ n=-

These are the equations in the Table 9.1 in the book.

P;=

For a given specific expression for F, (q, 0, t) ,e.g. F (q, 0, t) =q,0,

— Eq.(C1) are nrelations defining p; in terms of ¢, QJ- ,¢ and they can

be inverted to get the 15t set of the canonical transformation:

In the specific example, we have:

oF,

aq](QQt) O, = |9=p,

pP;=




Canonical Transformation: Type 1

— Eq.(C2) aren relations defining P] in terms of ¢ J-,Qj,f . Together with
our results for the QO ., the 204 set of the canonical transformation

can be obtained.
Again, in the specific example, we have:

p=_°h
J aQJ

— Eq.(C3) gives the connection between K and H:

K:H+%ZZ —> | K=H

(note: K(Q, P,t) is a function of the new variables so that the RHS needs

(Q9Q9t):_q]‘ — })j :_qj'

to be re-express in terms of ¢ s P] using the canonical transformation.)



Canonical Transformation: Type 1

In summary, for the specific example of a Type 1 generating function:

Fi (anat) :quj

We have the following;:
Q,=p, . .
Canonical Transformation
Py =g,
and K=H Transformed Hamiltonian

Note: this example results in basically swapping the generalized coordinates with
their conjugate momenta in their dynamical role and this exercise demonstrates

that swapping them basically results in the same situation !

- Emphasizing the equal role for g and p in Hamiltonian Formalism !



Canonical Transformation: Type 2
(old) (new)

Type2: F' = F,(q,P,t)-Q.P, , where F, is a function of g and P + time
(One can think of F, as the Legendre transform of F'(g,0,?) in
exchanging the variables Q and P.)
Substituting into our defining equation for canonical transformation, Eq. (1):

: : oF, oF, . OF, . : :
P, ~H =B ~K+ZLazi v o b RO - FO,

Again, writing the equation in differential form:

anj ( anJ ( anj
p,——=\dg +|Q,—=|dP.+| K-H—-—=|dt =0
(f oq, | 7\ ap |7 ot

J



)

Canonical Transformation: Type 2

Since all the ¢ I PJ are independent, their coefficients must vanish

independently. This gives the following set of equations:

OF, OF, OF,
. P K=H+——=
P % 2 (@D % op (@ P) "o
For a given specific expression for £, (q,P,t), eg. I, (q, P,t) = quj
OF, OF,
P P, . P
Pi=% —2(¢.P.1) = 0, = op —(4.P.t)=gq,
- |F=p, - |9,=9, K=H

Thus, the identity transformation is also a canonical transformation !



Canonical Transformation: Type 2

Let consider a slightly more general example for type 2: F' = £ (q, P, t) -0,P,
with F;(Q,P,t) :f(qla"°9qnat)1)j +g(%9"'9qnat)

where fand g are function of g’s only + time

Going through the same procedure, we will get:

OF, OF
P, == =2
561,- i k= H+Z / at
19
—> pj ag j — Q]:f(QIaqnat)
J

ﬁq] /

Notice that the Q equation is the general point transformation in the
configuration space. In order for this to be canonical, the P and H

transformations must be handled carefully (not necessary simple functions).



Canonical Transformation: Summary

The remaining two basic types are Legendre transformation of the remaining
two variables:
F=Kp.Qn)+pq, qop
F=F(p,P.0)+p,q,-0,P, qop&OcP

(Results are summarized in Table 9.1 on p. 373 in Goldstein .)

Canonical Transformations form a group with the following properties:

=

The identity transformation is canonical (type 2 example)
If a transformation is canonical, so is its inverse

Two successive canonical transformations (“product”) is canonical

» »® Db

The product operation is associative



Qj :Qj(q9p7t)

Canonical Transformation: 4 Types P, =P(q,p.1)

: : dF
quj' _H(qapat) :})]'Qj —K(Q,P,t)+z(old,new,t)
dep var

Type 1: f@? \>p 0K oF,

K=H+=—L
p,==+(¢.0.t) P (4,0.1) +
F=F(q,0,0) 0 80, ot
I 9, \ y oo
in Val'l

Type 2: 5F OF, OF,
. P =—=(q,P,t K=H+——=

Type 3: OF, OF, oF,
= 1) K=H+—

F=F(p,0,0+qp, 1 op, H(r00) 8 aQJ -(7:0.1) ot
Type 4: OF, oF, oF,
FzEt(paPat)‘*'qz'pi -QF, qJ apj (p’ ) Q 8PJ (p ) ot




Canonical Transformation (more)

If we are given a canonical transformation

0, =0,(q,p?)
P.=P(q,p,?)

How do we find the appropriate generating function F ?

(*)

- Let say, we wish to find a generating function of the 1% type, i.e., /' = F;(q, O, 1)

(Note: generating function of the other types can be obtain through an

appropriate Legendre transformation.)

- Since our chosen generating function (15 type) depends on g, Q, and t

explicitly, we will rewrite our p and P in terms of g and Q using Eq. (*):

p;=p;(¢,0,0) P, =P(q,0,1)



Canonical Transformation (more)

Now, from the pair of equations for the Generating Function Derivatives

(Table 9.1), we form the following diff eqs,

oF (q,0,
p;=r;i(q,0.1)= lqut)
9,
= _ 0F(4.0:1)
P, =P(q,0,1)= o

F(q,0,t) can then be obtained by directly integrating the above equations

and combining the resulting expressions.

Note: Taking the respective partials of g and Q of the above equations,

@__ 0 _aFi(anat) 0 aE(Q9Q9t) _%
oq. 00, 00, oq . - 00,

J




Canonical Transformation (more)

Now, from the pair of equations for the Generating Function Derivatives

(Table 9.1), we form the following diff eqs,

oF (q,0,
p;=r;i(q,0.1)= lqut)
9,
= _ 0F(4.0:1)
P, =P(q,0,1)= o

F(q,0,t) can then be obtained by directly integrating the above equations

and combining the resulting expressions.

Note: Since dF,is an exact differential wrt g and Q, so the two exps are equal,

oP, o F, 0° F op, (We will give the full

0g, B 0q,00, . 00,0q, i 00, list of relations later.)




Canonical Transformation (more)
Example (G8.2): We are given the following canonical transformation for a
system with 1 dof:

0O=0(q,p)=qgcosa— psinax (HW: showing this
P=P(q,p)=¢gsina+ pcosa trans. is canonical)

(Q and P is being rotated in phase space from g and p by an angle «)

We seek a generating function of the 15t kind: F(q,0)

First, notice that the cross-second derivatives for F, are equal as required for a

canonical transformation:

0 [aﬂj{ o } 0 ( 0 j 1
=—p|=—| ———+qgcota |=——
00\ 0q o0 o0\ sina sin o

9|9k :iP = g (— .q +Qcotaj=— ,1
og \ 0Q oq Og\ sina Sin &




Canonical Transformation (more)

Rewrite the transformation in terms of g and Q (indep. vars of F, ):

OF; OF,
a—lzp:p(qu) _a_é:P:P(Q9Q)
9 0 : @) cosa
—_ +gcota =gsina+| ————+qg— cosa
sin g sin & sin
= .q —(cota
Sin

Now, integrating the two partial differential equations:

’ 2
F=- Qq +L cota+h(0) b =- .qQ L cota+g(q)
sma 2 simna = 2

Comparing these two expression, one possible solution for F is,

1
Qq +—(q2 +Q2)cota
sina 2

F(¢,0)=-




Canonical Transformation (more)

Now, let say we want to fine a Type-2 Generating function F,(g, P,t) for this

problem...

As we have discussed previously, we can directly use the fact that F, is the

Legendre transform of F,
F =F(q.P.)~Q,P,
£y (q,P.1) = F(q,0,0) + OP

Oq
ok (q,P) T sin o

+%(q2 +Q2)cota+QP

Now, from the CT, we can write Q by g and P (F, should be in g & P):

QO=¢qgcosa—psina Q: 9 — Ptan«
P=gsina+ pcosa COSx




———— "

Canonical Transformation (more)

As we have discussed previously, we can directly use the fact that F, is the

Legendre transform of F,

E :F2(Q9P9t)_Qj})j

F,(q,P,t)=F(q,0,t)+ QP

F,(q,P)=- Qg +l(q2 +Q2)cota+QP

siha 2

This then gives:

1 2
Fz(q,P):(P— 9 j( el —Ptanaj+—(q2+( c —Ptanaj jcota
sma J\ cosa 2 cosa

0




—————

Canonical Transformation (more)

As we have discussed previously, we can directly use the fact that F, is the

Legendre transform of F,

E :Fz(qapat)_Qj})j

2
Fz(q,P):(P— 4 )( 1 —Ptanaj+l(q2+( 1 —Ptana} Jcota
s /\ cosa 2 COS &

\ J J

2gP 2
¢ 4 — P’ tana /
cosa sinacosa

2
%[gz cota+( 9 _ 24P +P° tanan

cosasina Ccosa



)

Canonical Transformation (more)

As we have discussed previously, we can directly use the fact that F, is the

Legendre transform of F,,

E :Fz(Q9P9t)_Qj})j

2
Fz(q,P):(P— 4 )( 1 —Ptanaj+l(q2+( 1 —Ptanaj Jcota
siIn J\ cos & 2 cos &

\ )\ J

2
\XQP _ Q/_PYz tan o /

cosS & 1 o/ COS
2
1((] Cota+( q/ \&CZP +P2tanaj]

/00/05 sin & cos>x\



D

Canonical Transformation (more)

As we have discussed previously, we can directly use the fact that F, is the

Legendre transform of F,

E :F;(Q9P9t)_jS)j

2
Fz(q,P)z(P— 4 j( 1 —Ptanaj+l(q2+( 1 —Ptanaj Jcota
smma J\ cosa 2 CcCoS &

Finally, F, (q,P) = ——(q2 + Pz)tan 14




B —

Canonical Transformation (more)

Alternatively, we can substitute F into Eq. (*)G9.11, results in replacing the PJ Qj

term by —(Q) . P,in our condition for a canonical transformation,

l/\ F:F;(q,P,l‘)—ij)j
L hd dF
pid;=H ==0;F = Kk+—-

Recall, this procedure gives us the two partial derivatives relations for F,:

p. = o, (q,P,t) 0 = OF, (q,P,t) [Or, use the Table]
T o, TR



e

Canonical Transformation (more) e

To solve for F, (g, P,t) in our example, again, we rewrite our given canonical

transformation in g and P explicitly.

OF’ OF
a—2=p=p(q,P) 6—;=Q=Q(Q,P)
q . - cosa—( P sinajsina
=Cosa—qtana 1 cosaz cosa
-4 — Ptana
cosa
Integrating and combining give,
P 1
F,(q,P)= 1 ——(q2+P2)tana
cosa




0=0(q,p)=qcosa— psina

Canonical Transformation (more) P Plg.p) = gsina+ pcosa

Notice that when ¢ =0, sina =0

so that our coordinate transformation is just the identity

transformation: O=¢g and P=p

=) p, P CANNOT be written explicitly in terms of g and Q !

==) so our assumption for using the type 1 generating function

(with g and Q as indp var) cannot be fulfilled.

Consequently, F (q, Q) blow up and cannot be used to derive the

canonical transformation:

E(an):_ Qq :

: +—(q2+Q2)cota o asa—0
sina 2
But, using a Type 2 generating function will work.




Canonical Transformation (more) i:fﬁjﬁ;:jgno‘fjwzz

. T
Similarly, we can see that wheng = =, cosa =0

our coordinate transformation is a coordinate switch 9 =-p, P=gq

=) p, Q CANNOT be written explicitly in terms of ¢ and P!

==) so the assumption for using the type 2 generating function
(with g and P as indp var) cannot be fulfilled.

Consequently, F, (q, P) blow up and cannot be used to derive the

canonical transformation:

F,(q,P)= cz:)a —l(qz +P2)tana —>o asa—0

But, using a Type 1 generating function will work in this case.



.l

Canonical Transformation (more)

- A suitable generating function doesn’t have to conform to only one of
the four types for all the degrees of freedom in a given problem !
- There can also be more than one solution for a given CT

- First , we need to choose a suitable set of independent variables for the

generating function.
—>For a generating function to be useful, it should depends on half of
the old and half of the new variables
- As we have done in the previous example, the procedure in solving
for Finvolves integrating the partial derivative relations resulted from

“consistence” considerations using the main condition for a canonical

: - dF
p,-é],-—H(q,p,t)=P,-QJ-—K(Q,P,t)+E (G9.11)

transformation, i.e.,



sl

Canonical Transformation (more)

—>For these partial derivative relations to be solvable, one must be
able to feed-in 2n independent coordinate relations (from the given

CT) in terms of a chosen set of Y2 new + Y2 old variables.

- In general, one can use ANY one of the four types of generating
functions for the canonical transformation as long as the RHS of the

transformation can be written in terms of the associated pairs of phase

space coordinates: (g, Q, ©), (g, P, 1), (g, Q, 1), or (p, P, 1).
T1 T2 T3 T4

- On the other hand, if the transformation is such that the RHS cannot
written in term of a particular pair: (g, Q, t), (g, P, t), (q, Q, t), or (p, P, t),

then that associated type of generating functions cannot be used.



Canonical Transformation: an example with two
dofs

- To see in practice how this might work... Let say, we have the following

transformation involving 2 dofs: (q1 P15 pz) — (Q1 ,B.,0,, Pz)

0 =q (la) 0,=p, (2a)
R=p (b)  P=—g, ()

- As we will see, this will involve a mixture of two different basic types.



Canonical Transformation: an example with two

dofs
O =q (la) 0,=p, (2a)
R=p (b)  P=—g, (b)

- First, let see if we can use the simplest type (type 1) for both dofs, i.e., F
will depend only on the g-Q’s:

F(%9Q29Q19Q27t)

- Notice that Eq (1a) is a relation linking ¢g,,(, only , they CANNOT
both be independent variables - Type 1 (only) WON'T work !

- As an alternative, we can try to use the set p,,q,,0,,0, as our independent
variables. This will give an F which is a mixture of Type 3 and 1.

(In Goldstein (p. 377), another alternative was using ¢,,¢,, Pl , Q2 resulted in a

different generating function which is a mixture of Type 2 and 1.)



B

Canonical Transformation: an example with two
dofs

From our CT, we can write down the following relations:

Dependent variables Independent variables
9, P2, H, b, P1:9,,9,,0,
[ q,=0 )
p, =0,
- - *)
H=p
P =-q, |

Now, with this set of /2 new + /2 old independent variable chosen, we need to

derive the set of partial derivative conditions by substituting F'(p,,q,,0,,0,,t)
into Eq. 9.11 (or look them up from the Table).



Canonical Transformation: an example with two
dofs

The explicit independent variables (those appear in the differentials) in Eq.

9.11 are the g-Q’s. To do the conversion:

9,-49,,0,,0, (Eq.9.11’s explicit ind vars)

7

P1»9,,9,,0, (our preferred ind vars)
we will use the following Legendre transformation: F' = F''(p,,q,,0,,0,,t)+q,p,

Substituting this into Eq. 9.11, we have:

: : - : dF
M""pz% —H =F0 +P0, _K+Z

: : oF'. oF'. OoF'. OoF'. . . OF'
:PlQ1+P2Q2_K+5p1+_%+6_Q1Q1+8_Q2Q2"'511171+ +E
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Canonical Transformation: an example with two
dofs

: . oF"' OF"' oF"' . oF"' . oF"'
L —-H=PO +P0O,-K+—p +—0a,+—— O +——0, +¢q,p, +—
P-4, 1Q1 2Q2 apl P aqz q, an Q1 an Qz q,P, o

Comparing terms, we have the following conditions:

1 6pl 1 00, KZH—I—@

OF OF o
=" P=-2
q, aQz

As advertised, this is a mixture of Type 3 and 1 of the basic CT.



Canonical Transformation: an example with two

dOfS q, =9,
Substituting our coordinates transformation [Eq. (*)] into the partial iz_:sz
derivative relaW p1 _ _lq
2 2
oF" ,
g:_%:_Q1 F :_Q1p1+f(Q2aQ19Q2)
I
oF"' '
@=—Pl=—pl F'=-p0 +g(pq,,0,)
! F'=-p0 +¢,0,
81:—})2 :—(—qz) F'ZQ2Q2+h(p19Q29Q1)
00,
gi=p2=Q2 F'=0,9, +k(p,0,,0,)
p)

(Note: Choosing ¢q,,q,, F}, 0, instead, Goldstein has F'" =¢g,F +¢q,0, . Both

of these are valid generating functions.)



Canonical Transformation: Review

Qj = Qj(q9p7t)
P, =P(q,p,?)

: : dF
p,4;,—H(q,p,t)=PQ, - K(O,P,t)+——(old,new,t)

dt

Type 1: OF, F, OF;
P P, = q.00) B =-0(q.00) K=H+)

F =F(q,0.1) oq; 00, ot

T :

ype 2 b = oF, (q’ ’ ) 0, :i(q,P,t) K = H+ai
F=F(q,P,t)-QF / 8% aPJ ot
Type 3: OF, OF, OF,
=3 1y K=H+—

F=F(p.0.0)+qp, | » op, “(pO1) B GQJ - (7.0:0) Ot
Type4: aF4 6F4 a]_74
= —— P.t =—(p. P K=H+—%

F=F(p.P.ty+q,p,-0P | 1 op, (p.P.1) O, oP, (p.P.1) Ot
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Canonical Transformation: Review

- Generating function is useful as a bridge to link half of the original set

of coordinates (either g or p) to another half of the new set (either Q or P).

- In general, one can use ANY one of the four types of generating
functions for the canonical transformation as long as the

transformation can be written in terms of the associated pairs of phase

space coordinates: (q, Q, t), (g, P, t), (g, Q, t), or (p, P, t).

- On the other hand, if the transformation is such that it cannot be written
in term of a particular pair: (g, Q, t), (g, P, t), (g, Q, t), or (p, P, t), then

that associated type of generating functions cannot be used.

- the procedure in solving for Finvolves integrating the resulting partial

derivative relations from the CT condition



